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A general model of dialton-Maxwell gravity in two dimensions is investigated. The 
corresponding one-loop effective action and the generalized /3-functions are obtained. A 
set of models that are fixed points of the renormalization group equations are presented. 
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Recently, the issue of the Hawking evaporation of black holes [1] has been discussed in 
two-dimensional (2D) dilaton gravity with matter, what is considered to be a toy model 
for 2D gravity. Based on ref. [2], different aspects for different models of 2D quantum 
dilaton gravity — including relevant questions about the associated black holes — have 
been extensively considered in the recent literature (for a review and a quite compre- 
hensive list of references see, for example, [3]). Due to the wide variety of models of 2D 
gravity under current investigation (some of which are classically equivalent) the following 
question arises naturally: what is a good criterion in order to select reasonable models of 
2D gravity? 

In the present letter we suggest one: to use the renormalization group as such a 
criterion — in a sense that will become clear in the progress of this work. We start from 
the general model of 2D gravity defined by the action 



S = -Jd 2 x^ [-Z($)^$^$ + C($)R + V(Q) + -^m)F t 



(1) 



where $ is the dilaton field, Z(<&), C($), V(<&) and /($) are arbitrary functions, and 
F^ v = d^A u — d u A^. Notice that the model (1) is related, via some compactification, with 
the four-dimensional Einstein-Maxwell theory, which admits charged black hole solutions 
[4]. For some specific values of the functions in (1), this general model corresponds, 
in fact, to the heterotic string efective action [5,6]. Notice also that the theory (I) is 
multiplicatively renormalizable [8,9]. 

The one-loop effective action for theory (1) with the choice: Z(<&) = 1, C(<&) = const., 
and V(<&) and /($) arbitrary, has been calculated in different gauges in ref. [7]. Here, we 
are going to find the one-loop effective action using the background field formalism for 
this model (1), in the general case. 

In the background field method, we split 

9iw — ► 9iw = 9^u + V' $ — = $ + — ► A m u = A^ + Qp, (2) 

where h^, if and are the quantum fields. The simplest minimal gauge fixing action 
is given by 

Sgf = -\J d 2 x X A c ABX B i (3) 

where A = {//, *}, = -Cy/gg^, = -VJi^ + §VV, C* = y/gf, X * = -VQ„. 
Working in this gauge we obtain the following effective action (details of the very involved 



2 



calculations will be reported elsewhere): 



if**V9{**+zV + ±V> + 
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(4) 



It must be remarked that in this expression all surface divergent terms have been kept. 

Let us discuss the on-shell limit of the effective action (|4]). The corresponding classical 
field equations are 



^ = -V u (Zg^d^) + ^Z\V^)(V^) + CR+V + ^f'F 2 = 0, 
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and substituting eqs. 
we obtain 

-pon— shell 
div 



-AC + V- -fF 2 



0. 



(5) 



into the effective action (H), keeping all the surface counterterms, 
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Ye 



d 2 Xy/g\3R+A ln(/C 3 
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(6) 



As we see, the theory considered is finite on-shell. 

We will now study the renormalization structure and renormalization group equations 
for dilaton gravity with the action (1). One could, of course, discuss the renormalization 
of the metric and find th restrictions imposed by off-shell multiplicative renormalizability 
(in the usual sense) on the form of the functions Z($), C($), V($) and /($)• However, 
instead of doing this, we will not renormalize the fields but rather will consider the func- 
tions Z, C, V and / as generalized effective couplings (generalized renormalizability). 
Then the generalized /3-functions can be found and generalized renormalization group 
equations are generated. 

The general structure of renormalization for general couplings is given by 

a^L , ^ a k z(Z,C,Vjy 

k=l t 



(7) 



where e' = n — 2, and similar expressions for C, V and /. As it follows from one- loop 
renormalization, eq. (f|), 
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Now, the generalized one-loop /3-functions are given by the standard relations: 

? T = ~ aiT + Z ^ + C lc +V lv + / Tp (9) 

where T = {Z,C,V, /}. Using @ and @ we obtain 

/3c = 0, 

y Y^_i^_cv^ n cvc" 
~ ~c Jr ~c i ~^ c 3 

Z' 2C' 2 AC" ZC" CZ" CZ'C" 

PZ - ~Q,^~Q2 Q QiT + 3 ~C W ~ 2 C' 3 ' 

/ f /C" C/" Cf'C" 



C ' C" C' A C' A ' ~ C' 3 ' 
The renormalization group equations have the following form: 

9C -B 9V -B 9Z -B df -B (11) 

-ft-fa -dt-fo> dt~^ (U) 

with t = ln/i 2 . The system of equations (|TT|) is very difficult to solve. It depends not only 
on the scaling parameter t, as in usual field theory, but also on some unknown functions of 
the field variables. Moreover, nobody has any idea about the proper boundary conditions 
(initial data) that the partial differential equation system ( [TT]) should satisfy. 

Notwithstanding that, we can extract some useful information yet from the renormal- 
ization group equations flTTT) . In particular, we can look for fixed points of this system, 
what does not at all involve the knowledge of initial data. The equations they must satisfy 
are 

(3 C = 0, /V = 0, p z = 0, 0f = O. (12) 

The system of differential equations ( |12|) is still very complicated. Nevertheless, some 
basic, particular solutions of the same can be discovered. For example, motivated by the 
CGHS action [2], we can look for fixed points of the following type: 

C = e ai *, 1/ = e a2 *, Z = e a3 *, / = e a4$ , (13) 

where aj, a 2 , a 3 and a 4 are some constants. Substituting (|13D into eq. (0) we obtain the 
following equations: 

0-2(0-2 - 1) 

01 = — — , 

o 2 + 1 

3a| + a 3 (l-3ai) + 2a a (l-2a 1 ) = 0, (14) 
a\ — 3aia 4 + 2a\ = 0, 



which have the solution 

ai = 0, a 2 = 1, o 3 = 0, a 4 = 0; 

ai = ^, a2 = 2, a 3 = ^(l ± y/19/3) , a 4 = jj,^; etc. (15) 

In the same way, different particular cases of fixed points can be considered. For instance, 
for 

C = $ ai , V = $ a2 , Z = $ a \ f = $ a \ (16) 

we get 

a\{a\ — 2) = 0, 

a\ + (1 — 3cti)a 2 — ol\ — 0, 

3«3 — (1 + ai)tt3 — a\{a,\ — 1) = 0, (17) 
a\ + (1 — 3o;i)q;4 + a\(2a\ — 1) = 0. 

Particular solutions are 

1 

«i = 0, «2 — — 1, ^3 = — , «4 = — 1; 



a\ = 2, a 2 = 




a 4 = 2,3; etc. (18) 



Guided by the CGHS model, one could also try to find 'mixed' solutions of the type 

c = $«i e bi* ; v = <S> a2 e b2 *, Z = $ a 3 e ^* ; f = $a 4e 64* (19) 

It can be shown, however, that no new solution is found in this way: the only possibilities 
reduce to the cases above (namely, either all a, or all fej vanish). 

Thus, we have shown that (at least in principle) one can find ultraviolet stable fixed 
points for the generalized couplings Z(<&), C(<&) V(<&) and /($). 

Summing up, we have here investigated the one-loop renormalization structure of a 
general model of 2D dilaton-Maxwell gravity (1), and the divergences of the corresponding 
one-loop effective action have been found. Generalized renormalizability of the general 
model of dilaton gravity has been discussed, and the corresponding generalized (3 functions 
have been obtained. 

The analysis of the renormalization group equations yields some set of generalized 
couplings {Z, C, V, /} which are fixed points of such equations. It is interesting to notice 
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that the CGHS model does not belong to this set. A further remark is the fact that if one 
requires the renormalizability of the theory in the usual sense, then one can renormalize 
the metric of the theory (1) through the following transformation 



It turns out that the 2D dilaton-Maxwell theory (1) is multiplicatively renormalizable 
off-shell in the usual sense for the following choice of potentials: 



where a and b are arbitrary constants. For the theory of ref. [7] the above potentials are 
of Liouville type, what is in full agreement with ref. [7]. We observe, finally, that the 
condition of off-shell renormalizability in the usual sense can be considered also as a good 
criterion for selecting 2D gravity models. 
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